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Abstract. For given graphs G and H, the Ramsey number R(G,H)
is the smallest natural number n such that for every graph F of order
n: either F contains G or the complement of F contains H. This paper
investigates the Ramsey number R(∪G,H), where G is either a star or
a tree and H is wheels Wm or complete graph Km. We show that if n is
even and n ≥ 4, then R(2Sn,W4) = 3n. Furthermore, if n ≥ 3 and m is
odd, m ≤ 2n− 1, then R(kSn,Wm) = 3n− 2 + (k − 1)n.
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1 Introduction
For given graphs G and H, the Ramsey number R(G,H) is de-
fined as the smallest positive integer n such that for any graph
F of order n, either F contains G or F contains H, where F is
the complement of F . Chva´tal and Harary [5] established a useful
lower bound for finding the exact Ramsey numbers R(G,H), namely
R(G,H) ≥ (χ(G)− 1)(C(H)− 1) + 1, where χ(G) is the chromatic
number of G and C(H) is the number of vertices of the largest com-
ponent of H. Since then the Ramsey numbers R(G,H) for many
combinations of graphs G and H have been extensively studied by
various authors, see a nice survey paper [8].
In particular, the Ramsey numbers for combinations involving
k -copies stars and tree have also been investigated. A star Sn is the
graph on n vertices with one vertex of degree n−1, called the center,
and n− 1 vertices of degree 1. A wheels Wm is the graph on m + 1
vertices obtained from a cycle Cm onm vertices by adding one vertex
x, called the hub of the wheel, and making x adjacent to all vertices
of Cm, called the rim of the wheel. A tree is a connected graph that
contains no subgraph isomorphic to a cycle and a cocktail-party graph
Hs is the graph which obtained by removing s disjoint edges from
K2s.
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Several results have been obtained for wheels. For instances,
Surahmat et. al. in[9] showed R(Pn,W4) = 2n− 1 and R(Pn,W5) =
3n− 2 for n ≥ 3. For more general results, E. T. Baskoro et. al. [1]
obtained R(Pn,Wm) = 2n − 1 for even m ≥ 4 and n ≥ m2 (m − 2).




For combination of stars with wheels, Surahmat et. al. investi-
gated the Ramsey numbers for largest stars versus small wheel, see
Theorem 1. A. Korolova have shown in [12], that R(Sn,Wm) = 3n−2
for n = m,m+1,m+2. Chen et al. have shown in [4] that this Ram-
sey number remains the same, form (≥ 5) is odd and n ≥ m−1 ≥ 2.
These results are strengthened by Hasmawati et al. in [13], by
showing that this Ramsey number remains the same, even if m is
odd, n ≥ 3 and m ≤ 2n− 1 (see Theorem 2).
The Ramsey numbers for small stars versus largest wheels, Has-
mawati [7] gave R(Sn,Wm) = n + m − 2 for even m and odd n,
otherwise R(Sn,Wm) = n +m − 1. S. A. Burr et. al. in [2], showed
that
V (G)m+ V (H)n−min{mα0(G), nα0(H)} ≤ R(mG,nH)
≤ V (G)m+ V (H)n−min{mα0(G), nα0(H)}, where α0(G) is
the number of vertices in a maximal independent set G (H), and k
is a constant depending only on G and H. They also gave R(S4) = 6
and R(mS4, nS4) = 4m + n − 1 for m ≥ n, m ≥ 2. In [3], S. A.
Burr shown that if k and l are fixed, then if m and n are large, with
m ≤ n, R(mKt, nKl) = tm+ ln+R(Kt−1, Kl−1)− 2.
In this paper, we will investigate the Ramsey numbers R(∪G,H)
for G is a star and H is wheels.
The following result is needed for its proof. It has some interest,
since the lower bound does not depend on the number of components
of G and H.
Theorem 1. (Surahmat et al. [9]) For n ≥ 3, then
R(Sn,W4) =
{
2n+ 1, if n is even
2n− 1, if n is odd.
Theorem 2. If m is odd, n ≥ 3 and m ≤ 2n−1, then R(Sn,Wm) =
3n− 2.
The following some theorem are the main result of this paper.
Theorem 3. (V. Chva´tal [14]). For any natural number n and m,
then R(Tn, Km) = (n− 1)(m− 1) + 1.
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2 Main Results
We will determine the Ramsey numbers R(∪G,H) of graph 2Sn
versus a graphW4 and a disjoint unions of Tn versus complete graph.
Theorem 4. Ifm is odd, n ≥ 3 andm ≤ 2n−1, then R(kSn,Wm) =
3n− 2 + (k − 1)n.
Theorem 5. If n is even and n ≥ 4, then R(2Sn,W4) = 3n.
Before proving the theorems, we present some notations used in
this note. Let G(V,E) be a graph. For any vertex v ∈ V (G), the
neighborhood N(v) is the set of vertices adjacent to v in G. Further-
more we define N [v] = N(v) ∪ {v}. The degree of a vertex v in G is
denoted by dG(v). The number of vertices of a graph G is its order,
written as | G | and the minimum (maximum) degree of G is de-
noted by δ(G) (∆(G)). For S ⊆ V (G), G[S] represents the subgraph
induced by S in G. Let G be a graph and H be a subgraph of G.
For simplification of notation we denote V (G)\V (H) by G\H.
3 The Proofs of Theorems
Proof of Theorem 4
Let m is odd, m ≤ 2n− 1 and n ≥ 3. We shall use induction
on k. For k = 1, we have R(Sn,Wm) = 3n − 2 and by theorem 2,
R(Sn,Wm) = 3n− 2. Assume the Theorem holds for r < k, namely
R(rSn,Wm) = (3n − 2) + (r − 1)n. We show that R(kSn,Wm) =
(3n − 2) + (k − 1)n. Let F with | F |= 3n − 2 + (k − 1)n. Sup-
pose that F contains no Wm. Since | F |≥ (3n− 2) + (r − 1)n
or | F |≥ R(rSn,Wm) for r < k, then F ⊃ (k − 1)Sn. Let A =
F\(k− 1)Sn and T = F [A]. Thus |T | = 3n− 2. Since T contains no
Wm, then by theorem 2, T ⊇ Sn. Thus, F contains kSn. Hence, we
have R(kSn,Wm) ≤ (3n− 2) + (k − 1)n. On the other hand, it is not
difficult to see that F1 = Kkn−1 ∪ 2Kn−1 contains kSn nor its com-
plement containsWm. We know that F1 have order 3n−3+(k−1)n.
Therefore, we have R(kSn,Wm) ≥ (3n− 2) + (k − 1)n. uunionsq
Proof of Theorem 5
Consider the graph F = (Hn−1 +K1) ∪Hn
2
. We can verify that
F contains no 2Sn dan its complement contains no W4. Hence,
R(2Sn,W4) ≥ 3n. On the other hand, let F1 be a graph of or-
der 3n. Suppose F 1 contains no W4. By Theorem 1, we have that
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F1 ⊇ Sn. Let V (Sn) = {v0, v1, . . . , vn−1} with center v0, A = F1\Sn
and T = F1[A]. Thus |T | = 2n.
If there exists u ∈ T with dT (u) ≥ (n− 1), then T contains
Sn. Hence F1 contains 2Sn. Therefore we assume that for every ver-
tex u ∈ T , dT (u) ≤ (n− 2). Choose two vertices from T , namely
u,w where (u,w) /∈ E(T ). Let H = N [u]∪N [w], Q = V (T )\H, Z =
N(u)∩N(w), and X = H\{u,w}. Then, |H| = |N [u]|+ |N [w]|−|Z|,
and |Q| = |T | − |H|.
Suppose d(u) ≤ n− 3. Then 0 ≤ |Z| ≤ n− 3, 2 ≤ |H| ≤ 2n− 3
and 2n− 2 ≥ |Q| ≥ 3 + |Z|.
Observe that every q ∈ Q is adjacent to at least |Q| − 2 other
vertices of Q. (otherwise, there exists q ∈ Q which is not adjacent to
at least two other vertices of Q, say q1 and q2. Then T will contains
W4 = {q1, u, q2, q, w} with w as a hub, a contradiction). Then, for
all q ∈ Q, dQ(q) ≥ |Q| − 2.
Next, if there exists x ∈ (X − Z) not adjacent to at least two
vertices of Q, say q and q1, then T will contains W4 = {q, x, q1, u, w}
with w or u as a hub, a contradiction). Hence every x ∈ X − Z, is
adjacent to at least |Q| − 1 vertices in Q. Therefore, the number of
edges from X − Z to Q is at least |X − Z|.(|Q| − 1).
On the other hand, every vertex q ∈ Q is incident with at most
(n−2)−dQ(q) ≤ (n−2)−(|Q|−2) = n−|Q| edges from X−Z. Thus
Q is incident with at most |Q|.(n− |Q|) edges from X −Z. Observe
that |X−Z|.(|Q|−1) and |Q|.(n−|Q|) are both the number of edges
between X − Z and Q. Now, we will show that |X − Z|.(|Q| − 1) >
|Q|.(n− |Q|), which leads to a contradiction.
Writing |X−Z|.(|Q|−1) = |X−Z|.|Q|− |X−Z| and substitute
|X−Z| = 2n−2−|Q|− |Z|. We obtain |X−Z|.(|Q|−1) = |Q|.(n−
|Q|)+ |Q|.(n−2−|Z|)+ |Q|−n−(n−2−|Z|). Noting |Q| ≥ 3 + |Z|,
it can be verified) that |Q|.(n−2−|Z|)+ |Q|−n− (n−2−|Z|) ≥ 0.
Thus |X−Z|.(|Q|−1) > |Q|.(n−|Q|). Hence no can of d(u) ≤ n− 3,
( is impossible).
Therefore every vertex u ∈ T , dT (u) = n − 2. This mean |Q| =
2 + |Z|. Next, suppose Q be as a complete graph. Then every q ∈ Q,
dQ(q) = |Q| − 1. Consequently, every vertex in Q is incident with
(n− 2)−dQ(q) = n− 1−|Q|. Similarly as above the argumentation,
clear that |X − Z|.(|Q| − 1) > |Q|.(n− 1− |Q|). This is impossible.
Hence Q is not complete graph. Now, choose two vertices in Q witch
not adjacent, namely q1 and q2. Writing Y = {q1, q2} ∪ {u,w}.
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If the vertex v ∈ V (Sn) adjacent to at most one vertex in Y
say q1, then F 1 will contains W4 = v, u, y1, y2, w, with hub u or
w, a contradiction (see Fig.1). Therefore, every vertex v ∈ V (Sn)
is adjacent to at least two vertices in Y . Suppose v0, vj ∈ V (Sn)
be adjacent to y1, y2, to y3, y4 respectively. It is clear that Y is
the independent set, then we have two new star, namely Sn
′ and
Sn”, where V (Sn
′) = [V (Sn)\{vj}] ∪ {y1} with v0 as the center and
V (Sn”) = [N [y2]∪{vj} with y3 as the center. So, we have F1 ⊇ 2Sn.
Hence, R(2Sn,W4) = 3n.
References
1. E. T. Baskoro dan Surahmat, The Ramsey numbers of Path with respect to wheels
, Discrete Math., 294(2005)275-277.
2. S.A. Burr, P. Erdo¨s and J. H. Spencer, Ramsey Theorem for Multiple Copies of
Graphs, Trans. Amer. Math. Soc., 209 (1975).
3. S.A. Burr, On Ramsey Numbers for Large Disjoint Unions of Graphs, Discrete
Math., 70(1988)277-293.
4. Y.J. Chen, Y.Q. Zhang and K.M. Zhang, The Ramsey Numbers of Stars versus
Wheels, European J. Combin., (2004).
5. V. Chva´tal and F. Harary, Generalized Ramsey Theory for Graphs, III: Small
off-Diagonal Numbers, Pacific. J. Math., 41(1972) 335-345.
6. G.A. Dirac, Some theorems on abstract graphs, Proc. London Math. Soc. 2 (1952),
69-81.
7. Hasmawati, Tesis Magister, Departemen Matematika ITB Indonesia, (2004).
8. S. P. Radziszowski, Small Ramsey Numbers, Electron. J. Combin., July (2004)
#DS1.9, http://www.combinatorics.org/
6 Hasmawati
9. Surahmat and E. T. Baskoro, On The Ramsey Number of a Path or a Star ver-
sus W4 or W5, Proceedings of the 12-th Australasian Workshop on Combinatorial
Algorithms, Bandung, Indonesia, July 14-17 (2001) 165-170.
10. Surahmat, E.T. Baskoro dan H.J. Broersma, The Ramsey numbers of large star-
like trees versus large odd wheels, Technical Report #1621, Faculty of Mathemat-
ical Sciences, University of Twente, the Netherlands, (2002).
11. Y.Q. Zhang and K.M. Zhang, On Ramsey Numbers R(Sn,W8) for small n,
Preprint.
12. A. Korolova, Ramsey numbers of stars versus wheels of similar sizes, Discrete
Math., (2004).
13. Hasmawati, E.T. Baskoro and Hilda Assiyatun, Star-Wheel Ramsey Numbers,
Proceedings of the International Workshop of Graph Labelling, Malang-Batu, In-
donesia, December 06-10 (2004).
14. V. Chva´tal, Tree-Complete Graph Ramsey Number, J. Graph Theory, 1(1977) 93.
